A Moishezon manifold is a projective manifold if and only if it is a Kähler manifold [Mo 1]. However, a singular Moishezon space is not generally projective even if it is a Kähler space [Mo 2]. Vuono [V] has given a projectivity criterion for Moishezon spaces with isolated singularities. This paper gives a similar criterion for Moishezon spaces with non-isolated singularities (Theorem 6).
Projectivity of a Kähler Moishezon variety
In this paper, a compact complex variety means a compact, irreducible and reduced complex space. We mean by a Moishezon variety X a compact complex variety X with n algebraically independent meromorphic functions on X, where n = dim X, [Mo 1].
For a complex space X we say that X is Kähler if X admits a Kähler metric (form) in the sense of [Gr] , [Mo 2]. Lemma 1. Let X be a compact complex variety of dim n with Codim(Σ ⊂ X) ≥ 2, where Σ := Sing(X) (eg. X is normal).
Denote by U the regular part of X, and assume the condition (*) (*): The natural restriction map
is an isomorphism. Then we have isomorphisms H 2 (X, Q) ∼ = H 2n−2 (X, Q), H 2 (X, Q) ∼ = H 2n−2 (X, Q).
Here the upper pairing is perfect by Lemma 1, and the lower pairing is perfect by the usual Poincare duality. Since H 2n (X, Q) → H 2n (X, Q) is an isomorphism, we see that g * : H 2n−2 (X, Q) → H 2n−2 (X, Q) is an injection. H 2n−2 (X, Q) admits a mixed Hodge structure. On the other hand, H 2n−2 (X, Q) has a pure Hodge structure of weight 2n − 2. Since g * is a morphism of mixed Hodge structures, the injectivity of g * implies that H 2n−2 (X, Q) also has a pure Hodge structure of weight 2n − 2.
Denote by
Here (, ) is the intersection pairing, and <, > is the natural pairing
Since X has only rational singularities, g * (D) is a Q-Cartier divisor of X by the condition ( * ) 1 Now, since b is numerically equivalent to 0, (b, g * D) = 0. Therefore, (c, D) = 0. As we remarked at the beginning of the proof, we already know that Proposition holds in the case of projective manifolds. So c = 0, and hence g * (b d ) = 0. By the injectivity of g * , this implies that
Lemma 3. Let X be a Kähler, Moishezon variety with a Kähler form ω. Assume that a Q-Cartier divisor D on X satisfies the following condition ( * * ).
(**) For every curve C ⊂ X,
Proof. By the assumtion, D is nef, hence (D k ) W ≥ 0 (cf. [Kl] 
In particular, F is nef divisor onŴ . Therefore, (F )
By Lemma 3 and Theorem 4 we have the following corollary.
Corollary 5. Let X be a Kähler Moishezon variety with a Kähler form ω. Assume that a Q-Cartier divisor D satisfies the equality for any curve C ⊂ X:
Then D is ample.
Theorem 6. Let X be a Moishezon variety with rational singularities. Denote by U the regular part of X. Assume the following condition (*): (*): The natural restriction map
is an isomorphism. Then X is projective if X is Kähler.
Proof. Let A 2i (X, Q) be the subspace of H 2i (X, Q) generated by analytic homology classes. By the perfect pairing (cf. Lemma 1):
Claim. α is surjective.
Proof of Claim. Suppose to the contrary. Then there is a non-zero element
Since X has only rational singularities, d is represented by a Q-Cartier divisor by the condition (*). Therefore b is numerically equivalent to 0. But, by Proposition 2, b must be zero. This is a contradiction. Q.E.D.
Let A 2i (X, R) be the subspace of H 2i (X, R) generated by analytic homology classes. There is a natural map α R : A 2n−2 (X, R) → (A 2 (X, R)) * and α R is a surjection by Claim. By the 2-nd cohomolgy class defined by the Kähler form ω (cf. [B, (4.15) ]) one can regard the Kähler form as an element of (A 2 (X, R)) * .
So there is an element
Let us fix the basis b 1 , ..., b l of the vector space A 2n−2 (X, Q). Since X has only rational singularities and since X satisfies (*), each b i is represented by a
If m is chosen sufficiently large, then ω m := ω + α m is a Kähler form. Since
for every curve C ⊂ X, we see that D m is ample by Corollary 5.
Application: Density of projective symplectic varieties
A symplectic variety is a compact normal Kähler space X with the following properties: (1) The regular part U of X has an everywhere non-degenerate holomorphic 2-form Ω, and (2) for a (any) resolution of singularities f :X → X such that f −1 (U ) ∼ = U , the 2-form Ω extends to a holomorphic 2-form oñ X. Here the extended 2-form may possibly degenerate along the exceptional locus. By definition, X has only canonical singularities, hence has only rational singularities.
If X has a resolution f :X → X such that Ω extends to an everywhere non-degenerate 2-form onX, then we say that X has a symplectic resolution.
Symplectic varieties with no symplectic resolutions are constructed as symplectic V-manifolds in [Fu] . Recently, O'Grady [O] has constructed such varieties as the moduli spaces of semi-stable torsion free sheaves on a polarized K3 surface (cf. [Na, Introduction] ). His examples are no more V-manifolds.
These examples satisfy the condition (*): (*): The natural restriction map
is an isomorphism. Note that this condition is equivalent to the condition (*) in Remark (2) of [Na] (cf. footnote at the proof of Proposition 2).
In [Na] we have formulated the local Torelli problem for these symplectic varieties, and proved it. More precisely, we have proved it for a symplectic variety X with the following properties. Let X be a symplectic variety satisfying (a), (b) and (c). Let 0 ∈ S be the Kuranishi space of X andπ : X → S be the universal family such that π −1 (0) = X. Let U be the locus in X whereπ is a smooth map. We denote by π the restrictionπ to U. S is nonsingular by the condition (a). Note that every fiber ofπ is a symplectic variety satisfying (a), (b) and (c) (cf. [Na] ).
The following theorem is a generalization of a result proved by Fujiki [Fu, Theorem 4.8, (2) ] in the non-singular case.
Theorem 7. Notation and assumptions being the same as above, let 0 ∈ S 1 ⊂ S be a non-singular subvariety of S with dim S 1 > 0. Then, for any open neighborhood 0 ∈ U ⊂ S, there is a point s ∈ U ∩ S 1 such that X s is a projective symplectic variety.
Proof. We may assume that dim S 1 = 1. Denote by X 1 the fiber product X × S S 1 and denote byπ 1 the induced map from X 1 to S 1 . Take a resolution of singularities ν : Y 1 → X 1 in such a way that ν is an isomorphism over smooth locus of X 1 . We also assume that ν is obtained by the succession of blowing ups with smooth centers. So there exists a ν-ample divisor of the form −Σǫ i E i , where E i are ν-exceptional divisors and ǫ i are positive rational numbers.
Let S , then we take a point s ∈ S 0 1 ∩ U . Then the familyπ : X → S can be regarded as the Kuranishi family of X s near s ∈ S because H 0 (X, Θ X ) = 0 by the condition (b). For this point s ∈ S, X s satisfies all conditions (a), (b) and (c). So, if the theorem holds for X s , then we can find a point s ′ ∈ S 0 1 ∩ U where X s ′ is projective. In the remainder we shall assume that 0 ∈ S 0 1 . Thus, if S is chosen sufficiently small, then ν : Y 1 → X 1 is a simultaneous resolution of {X 1,s }, s ∈ S 1 .
Claim For any open neighborhood 0 ∈ U ⊂ S, there is a point s ∈ U ∩ S 1 such that Y 1,s is a projective variety.
If the claim is justified, then, for such a point s, X 1,s is a Moishezon variety. On the other hand, X 1,s is a symplectic variety satisfying (a), (b) and (c) (cf. [Na] ). In particular, X 1,s is a Kähler Moishezon variety with rational singularities satisfying the condition (c). By Theorem 6, we conclude that X 1,s is projective. (ii): The cohomology H 2 (U, C) has a pure Hodge structure of weight 2, and the Hodge decomposition is given as
Moreover, the tangent space T S,0 at the origin is canonically isomorphic to H 1 (U, Θ U ). By a holomorphic symplectic 2-form Ω,
, the mixed Hodge structure on H 2 (X) is, in fact, pure and coincides with the one given above. We shall often identify H i,j (X) (i + j = 2) with H j (U, Ω i U ) by the isomorphism. We have a constant sheaf R 2π * C on S and there are isomorphisms
. Over each point s ∈ S, these isomorphisms give the Hodge decomposition of
, define S a to be the locus in S where a ∈ H 1,1 (X s ). Let ω be a Kähler form on X and denote by [ω] ∈ H 2 (X, R)(= H 2 (U, R)) its cohomology class (cf. [B, (4.15)] ). Then the tangent space T S [ω] ,0 is isomorphic to {v ∈ H 1 (U, Ω Take a ∈ H
